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Dynamical and static solutions to R = 0-scalar-tensor theory
Mustapha Azreg-Aı¨nou1
1Bas¸kent University, Engineering Faculty, Bag˘lıca Campus, Ankara, Turkey
We consider the most cosmologically interesting and relevant case of scalar-tensor theory (STT) and
derive new normal and phantom, dynamical and static, solutions. We determine the Bianchi I Kasner
exponents and show that the dynamical solutions are heteroclinic orbits connecting two singularities.
Approaching the singularities, a purely transverse expansion (no radial expansion or collapse) may
occur.
I. THE R = 0-SCALAR-TENSOR THEORY
Let us start with the class of scalar-tensor theory (STT)
action describing the dynamics of a conformally cou-
pled massless scalar field σ
S =
∫
d4x
√
|g|
(
φ(σ)R− 1
2
gµνσ,µσ,ν
)
, (1)
where φ(σ) is a conformal factor function of σ and
R
µ
νδη = Γ
µ
νη,δ − Γ
µ
νδ,η + · · · (µ : 1 → 4). This action
is equivalent to the Brans–Dicke-like action
S =
∫
d4x
√
|g|
(
φR− ω(φ)
φ
gµνφ,µφ,ν
)
, (2)
with
ω(φ) =
1
2
φ
(φ,σ)2
,
where φ,σ is to be expressed in terms of φ upon reversing
the function φ(σ).
The equations of motion derived from (1) take the
form
φ
(
Rµν − 1
2
Rgµν
)
+ gµν
(
φ,σσ +
1
4
)
σ,δσ
,δ
−
(
φ,σσ +
1
2
)
σ,µσ,ν + φ,σ(gµνσ−∇ν∇µσ) = 0, (3)
σ+ φ,σR = 0. (4)
The case with vanishing scalar curvature R = 0 has re-
ceivedmuch attention in cosmological studies [1, 2]. As-
suming R = 0, Eq. (4) yields
σ = 0, (5)
and (3) reduces to
Hµν ≡ φRµν + gµν
(
φ,σσ +
1
4
)
σ,δσ
,δ
−
(
φ,σσ +
1
2
)
σ,µσ,ν − φ,σ∇ν∇µσ = 0, (6)
the trace of which implies
(6φ,σσ + 1)σ,δσ
,δ = 0. (7)
The case σ = const. corresponds to Einstein’s general
relativity and we drop this case from considerations.
Thus, R = 0 corresponds to φ(σ) = φ0 − (σ − σ0)2/12
where (φ0, σ0) are real constants. We can drop σ0 by re-
defining σ in (1): σ → σ− σ0 and this amounts to drop
the linear term in the expression of φ(σ)
φ(σ) = φ0 − σ
2
12
and φ0 ∈ R. (8)
The dimensionless Dicke coupling function correspond-
ing to R = 0 reads
ω(φ) =
3
2
φ
φ0 − φ . (9)
We need to set further conditions on the sign of φ.
First of all we let ǫ ≡ sign(φ0) and V0 ≡ |φ0| so that
φ0 = ǫV0. The case φ > 0,
ǫ = +1 and −
√
12V0 < σ <
√
12V0, (10)
corresponds to normal solutions while the case φ < 0
ǫ = −1 and −∞ < σ < ∞, (11)
corresponds to phantom solutions.
On setting
x ≡ σ/
√
12V0, (12)
and using (8) we bring (6) and (5) to the forms
(ǫ− x2)Rµν + gµνx,δx,δ − 4x,µx,ν + 2x∇ν∇µx = 0,
x = 0. (13)
Now, consider the conformal transformation
g˜µν = Ω
2gµν = x
2gµν, x˜ = x
−1. (14)
Using the laws of transformation of Rµν and, given by
R˜µν = Rµν + Ω
−2(4Ω,µΩ,ν − gµνΩ,δΩ,δ)
−Ω−1(2∇ν∇µΩ + gµνΩ), (15)
˜(·) = Ω−2[(·) + 2Ω−1gµνΩ,µ(·),ν], (16)
2it is straightforward to show that the equations (13) re-
main invariant under the conformal transformation (14),
that is,
(ǫ− x˜2)R˜µν + g˜µν x˜,δx˜,δ − 4x˜,µx˜,ν + 2x˜∇˜ν∇˜µ x˜ = 0,
˜x˜ = 0. (17)
This implies that if (gµν, x) is a solution to (13) then
(x2gµν, x
−1) is another solution to (13) [6, 7].
To pursue the integration of (5, 6) or (13) we intro-
duce the spherically symmetric ansatz (dΩ2 ≡ dθ2 +
sin2 θdϕ2),
ds2J = e
2γ(u)dt2 − e2α(u)du2 − e2β(u)dΩ2 (18)
and σ ≡ σ(u), in the Jordan frame. Since the shape of the
function α(u) can be changed by a coordinate transfor-
mation involving only the radial coordinate u, we have
the freedom to choose α(u) to obey the harmonic gauge,
α = γ+ 2β. (19)
The purpose of working with this gauge is that
the Laplace–Beltrami operator reduces to (·) =
−e−2(γ+2β)(·),uu, so that (5) yields σ = Cu+ C1 where
(C, C1) are real constants. Assuming that σ = 0 and
u = 0 correspond to spatial infinity, we are led to
σ = Cu and C ∈ R. (20)
The non-vanishing field equations (6) take the form:
H11 =
e−4β
12
[
12e2(β+γ)φ+ 12φ(β′2 + 2β′γ′ − 2β′′)
− C(C+ 2σγ′)] = 0,
H22 = −Cσ
6
(2β′ + γ′) + φ
(− e2(β+γ)+ β′ 2 + 2β′γ′)
− C
2
4
= 0,
H33 =
H44
sin2 θ
=
e−2(β+γ)
12
[
2β′(Cσ− 12φγ′)− 12φβ′ 2
+ 12φ(β′′+ γ′′) + C2
]
= 0,
where the prime indicates taking derivativewith respect
to u.
As we mentioned earlier, the case σ = const. corre-
sponds to Einstein’s general relativity and it yields the
Schwarzschild BH. So, from now on, we assume C 6= 0.
In this case one can use σ as a radial coordinate. Using
σ as a radial coordinate, the field equations (6) and the
constraint R = 0 take the following forms.
e4βH11 + H22
2
+ e2(β+γ)H33 = 0⇒ (12φγ,σ),σ = 1.
(21)
This first yields
γ,σ =
σ+ C2
12ǫV0 − σ2 and C2 ∈ R, (22)
and it suggests that
z(σ) ≡ 12φβ,σ (23)
might be a suitable variable for the integration of (6) in-
stead of β, which is expressed in terms of z by
e4βH11 − H22 = 0⇒ e2β = C
2(z,σ − 1)
12φ
e−2γ. (24)
With the aid of (22), (23) and β,σσ = (φz,σ − zφ,σ)/12φ2,
we find that z(σ) satisfies the inhomogeneous Bernoulli
differential equation
e4βH11 + H22 = 0⇒
(12ǫV0 − σ2)z,σ + 2(σ− C2)z = z2 − 2C2σ− 24ǫV0.
(25)
On setting
y =
z√
12V0
and η =
C2√
12V0
, (26)
along with (12) we bring the differential equation (25) to
the much simpler expression
(ǫ− x2)y,x + 2(x− η)y = y2 − 2ηx− 2ǫ. (27)
The remaining steps consist in solving (22) to deter-
mine γ(σ) and (25), or (27), to determine z(σ). Finally
we evaluate e2β from (24) using the expressions of (γ, z)
and (8).
We can now determine the value of C (20) using the
constraint R = 0. This constraint upon expressing the
term e2(β+γ) using (24) reduces to
z,σ − 1+ 12φC2(β2,σ + 2β,σγ,σ − 2β,σσ − γ,σσ) = 0.
Now, with the aid of (22), (23) and β,σσ = (φz,σ −
zφ,σ)/12φ2 we can first eliminate all the derivatives of
(β, γ), then using the differential equation (25) to elimi-
nate z,σ we arrive at
(C2 − 1)[z2 + 2(C2 − σ)z+ σ(σ− 2C2)− 36ǫV0] = 0.
(28)
Since the algebraic expression inside the square paren-
theses does vanish only for linear functions z(σ):
z = σ− C2 ±
√
C22 + 36ǫV0, (29)
which, by (24), would yield an identically zero metric
component e2β. The whole metric is undefined in this
case which we exclude from our analysis. We thus con-
clude that
C = ±1. (30)
Without loss of generality, we opt for C = 1 and thus
σ = u.
3Once the final solution ds2J in the Jordan frame is
known, we obtain the solution in the Einstein frame ds2E
via the conformal transformation
ds2J = (φ0/φ)ds
2
E. (31)
In this work we consider the Einstein frame to be the
physical one relying on the argument given in [8–10]. In
the linearized version of the theory gJ µν ≃ ηµν + hµν
and gE µν ≃ ηµν + ρµν where ηµν is the Minkowski met-
ric. The argument advanced in [8–10] is that the spin
2 gravitational field is described by the Einstein frame
corrections ρµν to the flat metric while hµν describes a
mixture of spin 0 and spin 2 fields.
For the remaining sections of this work we assume
η ≥ 0. (32)
II. NORMAL SOLUTIONS
We assume that (10) holds. Eqs. (22, 27) are solved by
e2γ =
1
12φ
(1+ x
1− x
)η
, (33)
y = x− η − k+ tanh
(
k+ arctanh x− C3 i
)
, (34)
where we have set
k+ ≡
√
η2 + 3 ≥
√
3. (35)
An additive constant in the expression of γ has been set
to zero by re-parameterizing the time coordinate. The
new constant C3 is complex and i
2 = −1.
The r.h.s of the second expression in (24) is positive for
static solutions and negative for dynamical solutions.
All that depends on the value of C3.
A. Static normal solutions: C3 = (2ℓ+ 1)π/2+ λ i, ℓ ∈ Z,
λ ∈ R.
For this value of C3 the final expressions of
(y, e2β, e2α = e4βe2γ) are
y = x− η − k+ tanh
(
k+ arctanh x
)
, (36)
e2β =
V0
12φ2
k2+csch
2
(
k+ arctanh x
)
e−2γ, (37)
e2α =
V20
122φ4
k4+csch
4
(
k+ arctanh x
)
e−2γ, (38)
where we have set λ = 0, as this is always possible,
csch(·) = 1/ sinh(·), and e2γ is given by (33). The static
metric is given by (18) where t is timelike and the other
coordinates are spacelike.
From (33) and (37) we see that if e2γ has a zero, that
is an event horizon, e2β and the horizon area diverge
implying a vanishing Hawking temperature.
To bring the metric (33), (37) and (38) to more familiar
form we define the new radial coordinates ρ and r as
follows. Defining ρ by
e−2ρ =
√
12V0 + σ√
12V0 − σ
=
1+ x
1− x , (39)
yields
ds2J = cosh
2 ρ ds2E, φ =
φ0
cosh2 ρ
,
σ√
12φ0
= − tanh ρ,
ds2E = e
−2ηρdt2 − k
2
+e
2ηρ
sinh2(k+ρ)
( k2+dρ2
sinh2(k+ρ)
+ dΩ2
)
,
(40)
where we have made the substitution t→√12φ0 t. The
metric ds2E was derived in Refs [3, 4] in the special case
ω = const., while for the solution (40) ω is not constant
and is given by (9). The general solution was later de-
rived in [5].
Following [3, 4] we define the radial coordinate r by
e−2k+ρ = f (r) = 1− 2k+
r
, (41)
the metric (40) and the corresponding potential σ along
with the metric and potential obtained by the conformal
transformation (14) take the forms
ds2J =
(1± f 1/k+)2 f−1/k+
4
ds2E,
ds2E = f
pdt2 − f−pdr2 − r2 f 1−pdΩ2, (42)
σ√
12φ0
= −1∓ f
1/k+
1± f 1/k+ , φ = ±
4φ0 f
1/k+
(1± f 1/k+)2 ,
p ≡ η
k+
=
η√
η2 + 3
< 1,
where the upper sign corresponds to the solution ob-
tained in the harmonic gauge (19) and the lower sign
corresponds to the solution obtained by the conformal
transformation (14).
Now, since p < 1 the solution in the Einstein
frame (42) is not analytic1 and it cannot be extended for
r < 2k+. Since the area of the surface r = 2k+ (propor-
tional to r2 f 1−p|r=2k+) vanishes, r = 2k+ is a point-like
naked singularity. This can be seen from the expression
of the Kretchmann scalar, which diverges in the limit
r→ (2k+)+ as
RµναβR
µναβ
∝ f−2(2−p) → ∞. (43)
1 For analytic solutions, p should be a positive integer [3, 4].
4The invariant scalar also diverges: R ∝ f−(2−p) → ∞.
For the case η = ∞ (p = 1), the solution (42) is the
Schwarzschild black hole. The corresponding upper-
sign solution in the Jordan frame is defined and the
lower-sign solution is undefined.
It is worth mentioning that the parameters (η, p) of
the solutions (42) are still unrestricted real numbers
while the corresponding parameters of the solutions
derived in [2, 6] have some restrictions2. The solu-
tions (42) constitute thus extensions of previously
derived solutions.
B. Dynamical normal solutions: C3 = ℓπ + λ i, ℓ ∈ Z,
λ ∈ R.
For this value of C3 the final expressions of
(y, e2β, e2α = e4βe2γ) are
y = x− η − k+ tanh
(
k+ arctanh x
)
, (44)
e2β = − V0
12φ2
k2+sech
2(k+ arctanh x) e−2γ, (45)
e2α =
V20
122φ4
k4+sech
4(k+ arctanh x) e−2γ. (46)
Since the equations (6) are invariant under the change
gµν → −gµν, we multiply the metric coefficients by −1
and change u → t and t → u, we obtain the dynamical
normal metric
ds2J = e
2α(t)dt2 − e2γ(t)du2 − (−e2β(t))dΩ2,
σ = t, φ = V0 − σ
2
12
= V0 − t
2
12
(47)
where t is timelike and the other coordinates are space-
like. Here e2γ(t) is given by (33) where σ is to be replaced
by t (recall C = 1 and σ = u) and (−e2β(t), e2α(t)) are
given by (45, 46) with σ replaced by t as follows
e2γ(t) =
1
12V0 − t2
(√12V0 + t√
12V0 − t
)η
,
− e2β(t) = 12V0
(12V0 − t2)2 k
2
+sech
2
[
k+ arctanh
( t√
12V0
)]
× e−2γ(t), (48)
e2α(t) =
122V20
(12V0 − t2)4
k4+sech
4
[
k+ arctanh
( t√
12V0
)]
× e−2γ(t).
2 The solution derived in Eq. (27) of Ref. [6] should have the coeffi-
cient (wβ ±w−β)2.
The other dynamical normal solution obtained by the
conformal transformation (14) is
ds2J =
t2
12V0
(
e2α(t)dt2 − e2γ(t)du2 − (−e2β(t))dΩ2
)
,
σ =
12V0
t
, φ = V0 − σ
2
12
= V0 −
12V20
t2
, (49)
where (e2γ(t), −e2β(t), e2α(t)) are given by (48).
On defining the time τ by
e−2τ =
√
12V0 + t√
12V0 − t
, (50)
we bring the metrics (47, 49) to the following forms, re-
spectively, with the same metric solution in the Einstein
frame
ds2J = cosh
2 τ ds2E, φ =
V0
cosh2 τ
,
σ√
12V0
= − tanh τ,
ds2J = sinh
2 τ ds2E, φ =
V0
sinh2 τ
,
σ√
12V0
= − coth τ,
ds2E =
k4+e
2ητ
cosh4(k+τ)
dτ2 − e−2ητdu2 − k
2
+e
2ητ
cosh2(k+τ)
dΩ2,
(51)
where we have made the substitution u→ √12V0 u.
III. PHANTOM SOLUIONS
We assume that (11) holds so that φ0 = −V0 and the
function φ reads
φ = −V0 − σ
2
12
< 0. (52)
Eq. (22 is solved by
e2γ = − 1
12φ
e−2η arctan x, (53)
where η is as defined in (26). The case 3− η2 > 0 yields
static solutions and the case 3− η2 < 0 yields dynami-
cal solutions. We exclude the case 3− η2 = 0 from our
analysis for it leads to an undefined metric with e2β ≡ 0
(z = σ− C2 is linear in this case).
A. Static phanton solutions: 3− η2 > 0.
In this case the final expressions of (y, e2β, e2α =
e4βe2γ) after removing unnecessary constants are
y = x− η − q tanh (q arctan x), (54)
e2β =
V0
12φ2
q2sec2
(
q arctan x
)
e−2γ, (55)
e2α =
φ20
122φ4
q4sec4
(
q arctan x
)
e−2γ, (56)
5where
q ≡
√
3− η2. (57)
In terms of the new radial coordinate,
ρ = arctan x, (58)
the metric takes the form
ds2J = cos
2 ρ ds2E, φ = −
V0
cos2 ρ
, x = tan ρ,
ds2E = e
−2ηρdt2 − q
2e2ηρ
cos2(qρ)
( q2dρ2
cos2(qρ)
+ dΩ2
)
, (59)
where we have made the substitution t → √12V0 t. The
metric obtained by the conformal transformation (14)
takes also a simple form with the same metric solution
in the Einstein frame
ds2J = sin
2 ρ ds2E, φ = −
V0
sin2 ρ
, x = cot ρ, (60)
where ds2E is the same as in (59).
We bring (59) to the form derived in [5] by the coordi-
nate transformation
q¯ρ¯ =
π
2
+ qρ, (61)
yielding
ds2E = e
−2η¯ρ¯dt2 − q¯
2e2η¯ρ¯
sin2(q¯ρ¯)
( q¯2dρ¯2
sin2(q¯ρ¯)
+ dΩ2
)
, (62)
where we have made the substitution e
πη
2q t → t. The
new constants (q¯, η¯) are defined by
q¯2 ≡ q2 exp
(−πη
q
)
, η¯ ≡ q¯
q
η. (63)
Since −π/2 < ρ < π/2 (58), we have
(1− q) π
2
< q¯ρ¯ < (q+ 1)
π
2
, (64)
and this makes it clear that the interval of q, 0 < 1 ≤√
3 (57), needs be divided into two sub-intervals and the
case q = 1.
A1. 0 < q < 1. This case was not discussed in [5].
For this sub-interval sin(q¯ρ¯) is never 0 and the metric
non-singular. The solution has no spatial infinity since
the spherical radius r ≡ q¯eη¯ρ¯/ sin(q¯ρ¯) does not diverge
at the end points of ρ¯. Similar solutions with no asymp-
totic flatness occur in the Pleban´ski–Demian´ski family of
black hole-like and other spacetimes [11]. The spherical
radius r has a minimum vale at cot(q¯ρ¯min) = η¯/q¯ = η/q
yielding
ρ¯min = arccot
[ η
q2
exp
(πη
2q
)]
, (65)
where the range of arccot in the open interval (0,π). The
radius of the throat of the wormhole is
rth =
√
3 exp
{η
q
[
arccot
(η
q
)
− π
]}
. (66)
Thus the metric (62) is a non-asymptotically flat worm-
hole.
A2. q = 1. The metric has now two spatial infinities
at q¯ρ¯ = 0 and q¯ρ¯ = π where the spherical radius r di-
verges. The latter has the same minimum value at ρ¯min
given by (66).
As we shall see the two asymptotic regions have dif-
ferent masses. The mass M of the wormhole is defined
by3
q¯2e2η¯ρ¯
sin2(q¯ρ¯)
( q¯2dρ¯2
sin2(q¯ρ¯)
+ dΩ2
)
≃
(r→∞)
dr2
1− 2Mr
+ r2dΩ2.
(67)
In the limit q¯ρ¯ → 0+ (r ≃ 1/ρ¯ → +∞) we find that
M = η¯ and in the limit q¯ρ¯ → π− [r ≃ q¯eπη/q/(q¯ρ¯ −
π) → −∞] we find a negative mass M = −η¯eπη/q. Re-
call that we are restricting the sign of η ≥ 0 (32); had
we not done that, that is, whatever the sign of η were,
the two masses would always have opposite signs. The
wormhole is attractive if M > 0 and repulsive if M < 0.
A3. 1 < q ≤ √3. To each value of q in this range cor-
respond three solutions depending on how we restrict
the domain of definition of ρ¯.
If (1− q)π/2 < q¯ρ¯ < 0, the solution has only one spa-
tial infinity (r → ∞) at q¯ρ¯ = 0 and the spherical radius
r is bounded from below by qe−πη(1+q)/(2q)/ cos(qπ/2).
This solution represents thus the exterior geometry of a
star.
If 0 < q¯ρ¯ < π, the solution is a wormhole with two
asymptotic regions at q¯ρ¯ = 0 and q¯ρ¯ = π as described in
the case A2.
If π < q¯ρ¯ < (q+ 1)π/2, the solution has only one spa-
tial infinity (r → ∞) at q¯ρ¯ = π and the spherical radius
r is bounded from below by qe−πη(1−q)/(2q)/ cos(qπ/2).
This solution represents also the exterior geometry of a
star.
B. Dynamical phanton solutions: 3− η2 < 0.
Let
k− ≡
√
η2 − 3. (68)
3 The parameters of Ref. [5] and those used in this work are related
by: m2 = η2e−2πη/q, k2 = q2e−2πη/q, C2 = 6e−2πη/q up to a propor-
tionality factor.
6The expressions of (y, e2β, e2α = e4βe2γ) are
y = x− η + k− tanh
(
k− arctan x
)
, (69)
e2β = − V0
12φ2
k2−sech2
(
k− arctan x
)
e−2γ, (70)
e2α =
V20
122φ4
k4−sech
4(k− arctan x) e−2γ. (71)
To obtain the dynamical solution we multiply the above
metric coefficients by −1 and change u → t and t → u,
we obtain the dynamical metric
ds2J = e
2α(t)dt2 − e2γ(t)du2 − (−e2β(t))dΩ2,
σ = t, φ = −V0 − σ
2
12
= −V0 − t
2
12
(72)
where t is timelike and the other coordinates are space-
like. Here e2γ(t) is given by (53) where σ is to be replaced
by t (recall C = 1 and σ = u) and (−e2β(t), e2α(t)) are
given by (70, 71) with σ replaced by t as follows
e2γ(t) =
1
12V0 + t2
e−2η arctan(t/
√
12V0),
− e2β(t) = 12V0
(12V0 + t2)2
k2−sech2
[
k− arctan
( t√
12V0
)]
× e−2γ(t), (73)
e2α(t) =
122V20
(12V0 + t2)4
k4−sech
4
[
k− arctan
( t√
12V0
)]
× e−2γ(t).
The dynamical solution obtained by the conformal
transformation (14) is
ds2J =
t2
12V0
(
e2α(t)dt2 − e2γ(t)du2 − (−e2β(t))dΩ2
)
,
σ =
12V0
t
, φ = −V0 − σ
2
12
= −V0 −
12V20
t2
, (74)
where (e2γ(t), −e2β(t), e2α(t)) are given by (73).
Now, we introduce the time τ by
τ = arctan(t/
√
12V0). (75)
The two dynamical phantom solutions take the forms
ds2J = cos
2 τ ds2E, φ = −
V0
cos2 τ
,
t√
12V0
= tan τ,
ds2E =
k4−e2ητ
cosh4(k−τ)
dτ2 − e−2ητdu2 − k
2−e2ητ
cosh2(k−τ)
dΩ2,
(76)
and
ds2J = sin
2 τ ds2E, φ = −
V0
sin2 τ
,
t√
12V0
= cot τ, (77)
where ds2E is the same as in (76).
IV. PROPERTIES OF THE DYNAMICAL SOLUTIONS
In the Einstein frame we have obtained one dynam-
ical normal solution, given by (51), and one dynamical
phantom solution, given by (76). These are combined
into one expression
ds2E =
k4±e2ητ
cosh4(k±τ)
dτ2 − e−2ητdu2 − k
2±e2ητ
cosh2(k±τ)
dΩ2,
(78)
where, fromnow on, the upper (lower) sign corresponds
to normal (phantom) solution. We checked explicitly
that these dynamical metrics, with their corresponding
fields given in (51) and (76), are exact solutions to the
field equations (5) and (6).
It is clear that these two one-parameter solutions are
anisotropic for the metric components are not propor-
tional.
As τ → −∞, there is a cosmological singularity where
guu → ∞, gθθ → 0 and gφφ → 0. This could be de-
fined as a “radial cigar cosmological singularity”, since
as one looks into any radial direction one sees a radial
expansion and a transverse collapse. The cigar as well
as other terminologies have been introduced in [12]. The
structure of this anisotropy past singularity (τ → −∞)
is revealed upon introducing the cosmic time parame-
ter T = eτ → 0 as τ → −∞ by which the metric (78)
approaches the Kasner-like solution [13]
ds2E ≃ 16k4±T2a1 dT2 − T2a2du2
− 4k2±(T2a3 dθ2 + T2a4 sin2 θ dϕ2), (79)
where we have used the expression of dΩ2 = dθ2 +
sin2 θ dϕ2. The parameters ai (i = 1→ 4) defined by
a1 ≡ 2k±+ η− 1, a2 ≡ −η, a3 = a4 ≡ k± + η , (80)
satisfy the relations
a2 + a3 + a4 = 1+ a1, (81)
a22 + a
2
3 + a
2
4 = (1+ a1)
2 ∓ 6 > 0, (82)
where the right-hand side of (82) is always positive for
all η (positive or negative). Note that the first rela-
tion (81) is identical to Kasner relation [13].
There is another anisotropy cosmological future sin-
gularity as τ → ∞ where guu → 0, gθθ → 0, gφφ → 0 for
the normal solution, corresponding to a point singular-
ity [12], and guu → 0, gθθ → ∞, gφφ → ∞ for the phan-
tom solution, corresponding to a “radial pancake cos-
mological singularity”. To reveal its structure we intro-
duce the cosmic time parameter T = e−τ → 0 as τ → ∞
by which the metric (78) approaches the Kasner-like so-
lution (79) where this time the parameters ai (i = 1→ 4)
are defined by
a1 ≡ 2k± − η − 1, a2 ≡ η, a3 = a4 ≡ k± − η , (83)
7and they satisfy the same relations (81) and (82).
We can also introduce the time T¯ = [4k2±/(1 +
a1)]T
1+a1, for both past and future singularities, bring-
ing (79) to
ds2E ≃ dT¯2 −
(1+ a1
4k2±
)2p1
T¯2p1du2
− 4k2±
(1+ a1
4k2±
)2p2
(T¯2p2 dθ2 + T¯2p3 sin2 θ dϕ2), (84)
where p1 = a2/(1+ a1) and p2 = p3 = a3/(1+ a1) and
p1 + p2 + p3 = 1, (85)
p21 + p
2
2 + p
2
3 = 1∓
6
(1+ a1)2
> 0. (86)
As times runs from τ = −∞ to τ = ∞ no other cos-
mological singularity occurs during the anisotropic cos-
mic evolution. From the point of view of dynamical sys-
tem analysis, this means that these two singularities, at
τ = −∞ and at τ = ∞, are (generally saddle) equi-
librium points behaving as source and sink during the
evolution, and the dynamical solution (78) describes a
heteroclinic orbit of evolution coinciding with a part of
the skeleton of the corresponding phase portrait. An
intermediate evolution [12] between these two singu-
larities, not coinciding with the heteroclinic orbit, may
take place too where one singularity behaves as a past
asymptote (a repeller) and the other as a future asymp-
tote (an attractor).
As is clear from (84) the expansion or the collapse in
the radial direction is generally different from that in the
transverse direction as one approaches the singularities.
However, isotropic evolution may take place for special
values of η. For the future singularity (τ → ∞) we ob-
serve isotropy only for normal solutions if p1 = p2 =
p3 = 1/3 (⇒ a2 = a3), which results in η = 1 upon
using (83). For normal solutions a purely transverse ex-
pansion or collapse (no radial expansion or collapse) is
also possible in the case η = 0 yielding p1 = 0 and
p2 = p3 = 1/2 for both singularities. Since it is not pos-
sible to have p2 = p3 = 0, no purely radial expansion
can exist.
Since the right-hand side of (86) is always positive for
all η (positive or negative), wemust have p1+ p2+ p3 =
1 and p21 + p
2
2 + p
2
3 < 1 for normal solutions, which are
known as Jacobs stiff perfect fluid conditions [12, 14].
For phantom solutions, however, we have p1 + p2 +
p3 = 1 and p
2
1 + p
2
2 + p
2
3 > 1. Both normal and phantom
solutions approach Kasner solution p1 + p2 + p3 = 1
and p21 + p
2
2 + p
2
3 → 1∓ in the limit η → ∞.
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